Accurate values for the intensity and polarization of light reflected and transmitted by optically thick Rayleigh scattering atmospheres with a Lambert surface underneath are presented. A recently reported new method for solving integral equations describing Chandrasekhar's X-and Y-functions is used. The results have been validated using various tests and techniques, including the doubling-adding method, and are accurate to within one unit in the eighth decimal place. Tables are stored electronically and expected to be useful as benchmark results for the (exo)planetary science and astrophysics communities. Asymptotic expressions to obtain Stokes parameters for a thick layer from those of a semi-infinite atmosphere are also provided.
INTRODUCTION
Interesting information can be obtained from analyzing the polarization of light reflected and transmitted by planetary atmospheres. This is well known for solar system planets (see, e.g., Lyot 1929; Coffeen & Hansen 1974; Hansen & Hovenier 1974; van de Hulst 1980; West & Smith 1991; Schmid et al. 2006a; Joos & Schmid 2007) . The discovery of hundreds of exoplanets in recent years (http://exoplanet.eu) has strongly promoted interest in high-accuracy polarimetry of such objects and several instruments are being developed for that purpose. At the same time model computations for the brightness and state of polarization of light reflected by exoplanets have been published to prepare for new observations and analyses of photometric and polarimetric data (see, e.g., Stam et al. 2004; Stam 2008; Buenzli & Schmid 2009 ). All of these developments have increased the need for easily accessible accurate benchmark numbers for a large range of optical thickness.
Light scattering by molecules and particles small compared to the wavelength, both inside and outside the particle, is commonly called Rayleigh scattering. It presents the simplest case for polarized light scattering by particles and is therefore an ideal test case for theoretical ideas and methods, as well as computations, for more complicated types of light scattering. In this paper, we only consider pure Rayleigh scattering, i.e., scattering by particles with isotropic polarizability, in a plane-parallel non-absorbing homogeneous atmosphere. Chandrasekhar (1950) was the first to develop a method for computing the intensity and state of polarization of light reflected and transmitted by such an atmosphere. This method was used by several authors (see, e.g., Sekera & Blanch 1952; Chandrasekhar & Elbert 1954; Coulson et al. 1960 ) to obtain results for atmospheres with optical thickness up to about unity.
Recently, Natraj et al. (2009) considerably improved the tables produced by Coulson et al. (1960) by using a new method and obtained results accurate to eight decimal places for several values of optical thickness in the range 0.02-1.0. This range is suitable for Earth's atmosphere in the visible part of the spectrum, but not for planetary atmospheres with an optically thick Rayleigh scattering layer. The importance of such atmospheres is gathering strength, since they are the best candidates for polarimetric detection of exoplanets (Schmid et al. 2006b ).
Attempts to use Chandrasekhar's method for atmospheres with a finite optical thickness larger than unity ran into several kinds of problems. Various other methods were used to produce numerical results in the tabular form for the polarized light emerging from a non-absorbing plane-parallel Rayleigh scattering atmosphere (see, e.g., Dave & Furukawa 1966; Adams & Kattawar 1970; Fymat & Abhyankar 1971) . The results are, however, mostly of limited value due to their low accuracy and the small number of selected cases. Using a new method, Sekera & Kahle (1966) generated tables of basic functions to five significant figures, from which the intensity and state of polarization of the reflected and transmitted light could be calculated for values of optical thickness in the range 0.15-100. However, even at an optical thickness of 100 the values have not yet reached the limiting values for a semi-infinite atmosphere to the same number of decimal places. Chandrasekhar (1950) also considered the reflection of light by a semi-infinite homogeneous plane-parallel atmosphere in the context of Rayleigh scattering. He found a complete solution for the intensity and polarization of the reflected light in terms of several functions of one variable. These were tabulated to four or five decimal places; in addition, a few figures were presented of the angular dependence of the resulting Stokes parameters for incident unpolarized light. Bosma & De Rooij (1983) proposed efficient methods to compute the basic functions for semiinfinite atmospheres and tabulated them to 10 decimal places including the case of conservative Rayleigh scattering. However, they neglected polarization in their analysis. De Rooij et al. (1989) extended this work to include polarization.
In this paper, we extend the work of Natraj et al. (2009) to optical thickness larger than unity. First, we generate tables of the intensity and polarization of light reflected and transmitted by Rayleigh scattering atmospheres with optical thickness unity and larger and a Lambert surface underneath. Second, we use the formulae and tables of Sekera & Kahle (1966) to compute Stokes parameters and show that there is considerable inaccuracy in their results. Third, we provide Stokes parameter results for semi-infinite atmospheres and verify that we can reproduce the results for the basic functions in De Rooij et al. (1989) . Fourth, we provide a means to transition from optically thick to semiinfinite atmospheres or vice versa using asymptotic theory. In this paper, thick refers to an optical thickness larger than or equal to unity.
Section 2 provides definitions for the Stokes parameters and other quantities of interest such as the degree and direction of polarization. Section 3 describes the computation of the Stokes parameters for atmospheres with infinite or large optical thickness. Some sample results are shown in Section 4. Section 5 illustrates the various methods that were used to validate the precision of the results. Conclusions are presented in Section 6.
STOKES PARAMETERS AND GEOMETRY
The main purpose of this section is to clarify the exact meaning of our tabulated quantities and to outline how to use these to obtain practical quantities of interest for experimental and observational purposes, such as the degree and direction of linear polarization. The intensity and state of polarization of a beam of quasi-monochromatic light traveling in one direction can be completely described by four Stokes parameters, I, Q, U, and V, where I is the intensity, Q and U describe linearly polarized light, and V refers to circularly polarized light (Stokes 1852) . Several sign conventions for Stokes parameters can be found in the literature. As shown by Hovenier & van der Mee (1983) , special care is needed to establish the relationships among the sets of polarization parameters used by different authors. In this paper, we use the same definitions of Stokes parameters as given by Hovenier & van der Mee (1983) and Hovenier et al. (2004) , to which we refer for a more extensive treatment. These Stokes parameters are essentially the same as those in Chandrasekhar (1950) and van de Hulst (1957 van de Hulst ( , 1980 .
In this paper, we consider the reflection and transmission by a plane-parallel non-absorbing homogeneous atmosphere that is illuminated at the top by a parallel beam of unpolarized light with net flux πF 0 per unit area perpendicular to the incident beam. For all computations F 0 was taken to be unity. The light in the atmosphere is solely interacting by means of pure Rayleigh scattering with molecules or particles much smaller than the wavelength. Thus, the albedo of single scattering is unity and there is no depolarization. Under these conditions, the Stokes parameter V of the reflected and transmitted light is identically zero and will not be considered hereafter. Therefore, only linear polarization occurs for the reflected and transmitted light.
The geometry of the problem is illustrated in Figure 1 . A point O of a homogeneous plane-parallel atmosphere is the origin of a Cartesian coordinate system defined by the ordered triplet (x, y, z) of axes, where the positive z-axis is the local vertical of the atmosphere. Suppose a light beam is traveling in the direction OP. The points P and N are located on a unit sphere. O, P, and N lie in one plane, called the meridian plane. At P we choose unit vectors l and r in the plane perpendicular to OP in such a way that (1) l lies in the meridian plane and r is perpendicular to this plane, and (2) the direction of the vector product r × l is the same as the direction of propagation of the beam, i.e., OP. Suppose the light traveling in the direction OP is linearly polarized along a line making an angle χ with the positive l-axis. This angle is obtained by rotating l in the counterclockwise direction when looking in the direction of propagation until l is directed along the direction of the linearly polarized light. The angle χ always lies in the range 0 χ < π.
The direction of OP is specified by the polar angle θ and azimuthal angle ϕ, which is measured clockwise when looking from bottom to top in the atmosphere starting from a chosen horizontal direction, which is the positive x-direction in Figure 1 . Since we consider a horizontally homogeneous atmosphere, only the azimuth difference of the outgoing and incident directions is relevant. For convenience, we will take the azimuth angle of the incident light to be zero.
Instead of the polar angle, we generally use for points at the top (TOA) and bottom (BOA) of the atmosphere μ, which is the absolute value of cos θ . Furthermore, instead of the polar angle of the unidirectional beam incident at the top, we use μ 0 , which is the absolute value of the cosine of its polar angle. Thus, the direction of the emergent light is given by the pair (μ, ϕ) and that of the incident light by (μ 0 , 0). When light is incident (μ 0 = 1) or emergent (μ = 1) in a perpendicular direction, there is no unique meridian plane. In these cases, we can first choose a particular meridian plane and then let μ 0 (for perpendicular incidence) or μ (for perpendicular emergence) tend to 1 in that plane (Hovenier & de Haan 1985) .
The tables of Stokes parameters of the reflected and transmitted light presented in this paper can be used to obtain several quantities that are important for physical understanding of the scattering processes and also for experimental and observational purposes. For example, the degree of (linear) polarization is
which is zero for unpolarized light and unity for fully polarized light. However, in case U vanishes it is often handy to use:
which is positive when the vibrations in the r-direction dominate over those in the l-direction, and negative in the opposite case. This convention is very common, especially in astronomy. If Q is not zero we can find the direction of the linearly polarized light from
and sgn(cos 2χ ) = sgnQ,
where sgn stands for "the sign of." Therefore, from the different values of χ differing by π/2 that satisfy Equation (3) we must choose the value that satisfies Equation (4).
If Q is zero and U is nonzero, Equation (3) shows that χ equals π/4 or 3π/4, but we know that χ = π/4 if U > 0 and χ = 3π/4 if U < 0, since sgn(sin 2χ ) = sgnU.
If Q = U = 0, Equation (1) shows that the light is unpolarized, so that there is no preferential direction for the vibrations of the light.
In addition to I and Q, we will also use the intensity I l in the l-direction and the intensity I r in the r-direction. The Table 2 I (Transmission at BOA) for b = 16, μ 0 = 0.2, and A = 0 
For a Rayleigh scattering atmosphere, we can write for the light emerging at the top :
where superscripts 0, 1, and 2 are used to number the Fourier components and subscripts l and r refer to the two components of the intensity. A similar Fourier decomposition is obtained for light emerging at the bottom by replacing zero by b as the first variable in Table 3 Q (Reflection at TOA) for b = 16, μ 0 = 0.2, and A = 0 the functions above, where b stands for the optical thickness of the atmosphere. The azimuth independent and dependent terms in Equations (7) are, for finite optical thickness, related to the X-and Y-functions and their moments (Chandrasekhar & Elbert 1954) . The readers are referred to Natraj et al. (2009) for details.
EXPRESSIONS FOR INFINITE AND LARGE OPTICAL THICKNESS
In this section, we first consider the special case of reflected light emerging from the top of an atmosphere with infinite optical thickness. Such an atmosphere has no bottom so transmission does not exist. The reflection can be expressed as follows (Chandrasekhar 1950) : 
where A T means the transpose of A, and the subscript ∞ implies that the atmosphere is semi-infinite. The constant C is given by
Table 5 U (Reflection at TOA) for b = 16, μ 0 = 0.2, and A = 0 The calculation of the matrix A and the M-functions, and their relation to the so-called H-functions, are described in Appendices A and B, respectively. Equation (8a) can be recast in terms of the so-called H-matrix (De Rooij et al. 1989) , which is also related to the H-functions (see Appendix C).
We have tabulated results for values of optical thickness up to 1024 and then for a semi-infinite slab. Here we provide asymptotic expressions to obtain Stokes parameters of a thick atmosphere with a black surface underneath, from those of a semi-infinite atmosphere. For further details on the derivation of these expressions, the readers are referred to Domke (1978) , van de Hulst (1980 ), De Rooij (1985 , Wauben et al. (1994), and Hovenier et al. (2004) . The formulae are based on the fact that we have accurate numbers for the Stokes parameters of light reflected by a semi-infinite atmosphere and that the azimuth dependence of the Stokes parameters of reflected light for a corresponding thick atmosphere is close to that for the semi-infinite atmosphere, while the azimuth dependence of the Stokes parameters of transmitted light can be neglected.
Suppose we know the Stokes parameters for diffuse reflection emerging from the top of a semi-infinite atmosphere. Compute Table 6 U (Transmission at BOA) for b = 16, μ 0 = 0.2, and A = 0 K 11 (μ) and K 21 (μ) as follows:
The subscript ∞ implies that the optical thickness of the atmosphere is infinity. Equation (10a) can be used to calculate q 0 :
For large optical thickness b, we have the following asymptotic expressions: 
Furthermore, if we know Stokes parameter U ∞ for diffuse reflection emerging from the top of a semi-infinite atmosphere, we have the relations:
RESULTS AND DISCUSSION
The main purpose of this paper is to provide benchmark results for Stokes parameters I, Q, and U, for reflection at the top 1, 2, 4, 8, 16, 32, 64, 100, 128, 256, 512, 1024, ∞) . These results can be obtained from the following Web site: http://resolver.caltech.edu/ CaltechAUTHORS:20111110-130941966. The results have been tabulated to eight decimal places; this is an indication of the precision of our results and is discussed in detail in the next section. Note that due to symmetry with respect to the principal plane, which is defined by ϕ = 0 and ϕ = π , I and Q have the same values for 2π − ϕ as they have for ϕ, but U has the opposite sign for those two azimuthal directions (cf. Equations 7(a)-7(c)). Therefore, we have restricted the tables to ϕ in the range [0, π] . Here we present sample results for I (Tables 1 and 2 ), Q (Tables 3 and 4) , and U (Tables 5 and 6 ). In Tables 1-6 , b = 16, μ 0 = 0.2, and A = 0. Sekera & Kahle (1966) generated tables of the X-and Y-functions and the related K-and L-functions for a range of optical thickness values between 0.15 and 100. They also generated tables of the moments of these functions. These are the only tables available for the values of b we are interested in. Hence, we tabulate improved results for these functions on the following Web site: http://resolver.caltech.edu/ CaltechAUTHORS:20120206-140559033. Note that the ordered pairs of functions (X 1 , Y 1 ), (X 2 , Y 2 ), (X 3 , Y 3 ) and (X 4 , Y 4 ) used by Sekera & Kahle (1966) function Ψ l is conservative, and (X l , Y l ) do not have a unique solution (Chandrasekhar 1950) . We use the standard solution of Chandrasekhar (1950) , whereas Sekera & Kahle (1966) use the solution of Busbridge (1960) with analytical behavior for μ → ∞.
Tables 7-9 compare the Stokes parameters for reflection at the TOA obtained by us with those from Sekera & Kahle (1966) for three values of the optical thickness (2, 16, 100) and an albedo A = 0.25 for a Lambert surface below the atmosphere. We also list our values for a semi-infinite atmosphere. Tables 10-12 do the same for transmission at the BOA. Note that Sekera & Kahle (1966) did not tabulate Stokes parameters; we used their formulae and tables of auxiliary functions to compute the Stokes parameters in Tables 7-12, using our definitions of Stokes parameters and directional parameters (see Section 2). Also, it is not possible to obtain Stokes parameters from their tabulated functions for the case of transmission in the direction of the incoming light, due to the singularity in the calculation of the transmission functions. This special case would require knowledge of the derivatives of the X and Y functions, which they do not provide.
It is clear that Stokes parameters I and Q for reflection at b = 100 have not reached the values (to eight decimal places) for semi-infinite atmospheres. Sekera & Kahle (1966) further use several relations to illustrate the accuracy of their computations. However, many of their tests say very little about the reliability of their results for the Stokes parameters. Our results satisfy all of their relations to eight decimal places; yet, the values of our Stokes parameters differ from theirs to the same precision. In the next section, we describe the tests performed to validate the precision of our results.
Figures 2(a) and (b) illustrate how the Stokes parameters, respectively, for reflection at the TOA, and transmission at the BOA, vary with μ for several values of optical thickness. It is apparent that Stokes parameters Q and U for reflection converge to the value for semi-infinite atmospheres much quicker than does Stokes parameter I. Figure 2(c) illustrates how the degree and direction of linear polarization vary for the same parameters.
We show the utility of the asymptotic expressions in Tables 13-16 . It is immediately evident that these formulae are a very useful tool to obtain Stokes parameters for optically thick atmospheres from the values for the corresponding semiinfinite atmosphere. In fact, they are good enough to provide results correct to within one unit of the eighth decimal place for values of b as low as 32. They can also be used for interpolation between two values of the optical thickness for which tables are presented. 
VALIDATION OF RESULTS
All results on the Web site http://resolver.caltech.edu/ CaltechAUTHORS:20111110-130941966 and in this paper have been tabulated to eight decimal places. We expect that our results are accurate to within one unit of the last decimal place. We confirmed the precision of our results by performing the following basic tests on the entire set:
1. increasing the number of quadrature points; 2. increasing the number of integration subintervals; 3. using a different numerical integration technique; 4. using quadruple precision arithmetic; and 5. comparing with results from the Doubling-Adding KNMI (DAK) code (de Haan et al. 1987 ) and the discrete ordinates code VLIDORT (Spurr 2006) .
We obtained excellent agreement with results from the DAK code. To understand the differences between our results and the DAK results, we plot the Stokes parameters as functions of μ (Figure 3) and b (Figure 4) . In each of these figures, the values of the parameters (as per our computations) are first plotted, followed by the residuals between the DAK results and our results. The residuals have been multiplied by 10 8 to show the difference in the eighth decimal place. Furthermore, the residuals are positive if the DAK results are larger than our results, and negative if the DAK results are smaller than our results. For example, a residual of 5 implies that the DAK results are larger than ours by five units in the eighth decimal place. Two things are evident. First, the maximum difference is one unit in the eighth decimal place. Second, the results for Stokes parameter U agree perfectly between the two codes. This indicates that the difference comes from the computation of the zeroth Fourier component (which does not contribute to U).
For test 5, it is worth noting that the agreement with the results from VLIDORT is in some cases not as good as the precision we claim. However, the larger differences are due to the fact that conservative scattering needs to be treated differently from non-conservative scattering if the discrete ordinate method is used (Siewert 2000) . VLIDORT approximates conservative scattering by using a single scattering albedo slightly less than one (as specified by a user tolerance).
Nineteen different quintets (μ, μ 0 , ϕ, b, A) were then chosen for the reflected as well as the transmitted light to perform the following additional tests:
1. Reciprocity requires Equation (14) to hold both for reflected and transmitted light if the ground albedo is zero
If the ground albedo is not zero this relation still holds for the reflected light, but in general, not for the transmitted light (Hovenier 1970) . The maximum difference between the left-hand side (LHS) and right-hand side (RHS) of Equation (14) for reflection is less than 10 −12 ; the same is the case for transmission (for zero ground albedo). 2. When the incident or emerging light travels in a perpendicular direction, the azimuth dependence of the Stokes parameters of the emerging light is rather simple, as shown by Hovenier & De Haan (1985) . We found excellent agreement with the relevant formulae given by these authors. 3. When μ and μ 0 both tend to zero the degrees of polarization p and p s of the reflected light should both tend to their values for single scattering, according to Hovenier & Stam (2007) . By choosing μ = 0 and letting μ 0 approach zero we found this indeed to be correct. Our H 1 and H 2 functions agree with those of De Rooij et al. (1989) to 10 decimal places. Furthermore, the LHS and RHS of Equation (C10) agree to within one unit of the tenth decimal place.
For semi-infinite atmospheres, we employed the following additional relations to check the veracity of the results: 
Equations (15a) and (15b) imply, respectively, that the plane albedo and the Bond albedo are unity for a semi-infinite atmosphere with conservative Rayleigh scattering. This is because, in this scenario, all incident light is ultimately reflected. These relations provide an extra check that no spurious absorption (energy loss) occurred in the computations. The plane albedo (for all values of μ 0 ) and the Bond albedo for a semi-infinite atmosphere were found to differ from unity by less than 10 −11 .
CONCLUSIONS
We have computed the intensity and polarization of reflected and transmitted light in optically thick Rayleigh scattering atmospheres. Furthermore, we have provided results for semiinfinite atmospheres and given asymptotic expressions to obtain Stokes parameters for thick layers. For the sake of clarity, we have given clear definitions of Stokes parameters and related quantities such as the degree and direction of polarization. Our benchmark results have been validated using a variety of methods and are accurate to within one unit in the eighth decimal place. They can be used in particular for (exo)planetary atmospheres having a thick molecular layer above a cloud deck or solid surface, assuming the atmosphere to be locally plane-parallel. For comparisons with observations of brightness and polarization of exoplanets our benchmark results must be integrated over the illuminated part of the disk (see, e.g., Hansen & Hovenier 1974; Stam et al. 2006 ). 
The reason for using Equation (B4) is that it facilitates convergence of the iterative procedure (Bosma & De Rooij 1983) . Equation (B4) is solved using a minor modification of a procedure suggested by Bosma & De Rooij (1983) . We start with an initial guess h (0) (μ), which we choose to be identically unity for all values of μ. Inserting this value into the integral on the RHS of Equation (B4) gives a first iterate value. For the next guess, we use the average of this iterate and the previous guess. We repeat the above procedure until the sum over all quadrature angles of the difference between the current iterate and the previous iterate is less than a convergence threshold, which we set at 10 −12 . A final application of Equation (B4) yields the values at the angles of interest. This is essentially the same as method (i) of Bosma & De Rooij (1983) ; the only difference is in the convergence criterion. Bosma & De Rooij (1983) stop the iterations when the maximum difference between the current iterate and the previous iterate over all quadrature angles is less than the convergence threshold.
For all the other H-functions, we use another form of Equation (A1):
which is then solved by straightforward iteration. Equation (B5) follows from Equation (A1) by dividing both sides by H(μ). Note that Equation (B4) does not converge for straightforward iteration. Furthermore, if we compare Equation (B4) with the iterative procedure suggested by Bosma & De Rooij (1983) and Equation (B5) with straightforward iteration, the latter converges roughly twice as fast.
APPENDIX C RELATION BETWEEN H-MATRIX AND H-FUNCTIONS
The azimuth-independent component of the reflection matrix, R 0 (μ, μ 0 ), at the top of a semi-infinite atmosphere can also be expressed in terms of the H-matrix (De Rooij et al. 1989 ):
